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Abstract: The golden number f arises when a line segment of length x (>1) is divided
into pieces of lengths 1 and x-1, such that x = 1/(x-1), of which f = 1,6180... is the
positive solution. The golden rectangle of width 1 and length 1.618... is said to be the
most elegant, but as G. Markowsky pointed out, the statistical proofs for this popular
assertion are not reliable. Nevertheless, the present paper will try to provide an answer
to the question that the golden section corresponds to an optimal solution. It could
reboot the mathematical career of the golden section.

1. THE GOLDEN NUMBER

The golden number ¢ (or golden section, mean, or ratio or divine proportion etc.) arises
when a line segment of length x (>1) is divided into two pieces of lengths 1 and x-1.
This division must be such that the whole length stands to 1, as 1 is to the remaining
piece, x-1. Thus, the ratio x/1 must equal the ratio 1/(x-1). This produces the equation
x2-x-1 =0, of which (1+V5)/2 = 1,6180... = ¢ is the positive solution; note that ¢ - 1= ¢~
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! = 0.618... More generally, the positive roots of x2-nx-1 = 0 yield the family of
"metallic means”, forn=1,2, ... For n=2, it is the silver mean CAg= 1+V2, etc.

The properties of these numbers have been described extensively (for a comprehensive
survey, see De Spinadel). Of course, the diagonal of a rectangle with length 2 and width
1 corresponds to the “irrational part” V5/2 of the golden section, but this is so obvious
that it is hardly a 'mathematical application’. Still, the Fibonacci series 1, 1, 2=1+1,
3=2+1, 5=3+2, 8=5+3, 13=8+5, ... is linked to ¢, since the quotient series, formed by of
each term divided by the previous one, tends to it. The numbers 2, 3, 5, 8, 13, etc. yield
many beautiful applications, when mixed with a portion of fantasy. Furthermore, the
geometric properties of the equilateral triangle with a top "golden” angle of 36° yield
another large category of interpretations. Since a pentagon has related angles, there are
various often-surprising forms. Together with P. Labarque, the author recently
introduced "golden grey", containing 61.8% pure light (the remaining being "black™). It
lead to one of the very few devices to determine the golden number experimentally.

2. THE MOST ELEGANT (GOLDEN) RECTANGLE

To some authors, an explanation for the exceptionality of the metallic means is found in
their representations as continued fractions, while some point to its emergence in
proportions in the human body. Yet, these justifications do not use the approved
mathematical language, to state it gently. Others turn to the golden rectangle of width 1
and length 1,618... It can be subdivided in smaller and smaller squares, and a spiral neatly
fits into it. However, this is not so exceptional as often presented in introductory
textbooks. Another justification of the importance of the golden rectangle would be its use
in various designs. The Parthenon for instance would fit "exactly” in such a golden
rectangle. Yet, a comparison of the various illustrations given in literature show this is a
rather loose statement. Of course, painters and sculptors often subdivide their (rectangular)
canvas or stone into proportions, and 3 — 5 or 5 - 8 arrangements are frequent. This
provides a connection to the Fibonacci numbers. Yet, 2 — 4 — 8 schemes are popular too,
and even used by great masters such as Seurat, Monet or Cézanne. It would be hard to
prove that the Fibonacci subdivisions lead to the "most" beautiful artworks.

The very few valid statistical experiments about the golden rectangle do not seem to
confirm a preference for the golden rectangle. As G. Markowsky pointed out, it is not
indisputable that one can pick out the "most elegant” (golden) rectangle from an
arbitrary list. In spite of these vigorous considerations in disfavour of the golden
section, many mathematicians contimie to spread the myth, while others encounter it.
Mathematicians may be somewhat biased about the subject. A moderate conclusion
comes from a psychologist, Christopher Green. “Although many researchers have
concluded that the effect is illusory", says Ch. D. Green, "more carefully conducted
studies have fairly consistently shown, that there is, in fact, a set of phenomena that
require explanation, though no one has yet produced an explanation, both adequate and
plausible, that has been able to stand the test of time.”
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3. OPTIMAL SOLUTIONS

Here is an attempt to describe that (in)famous golden rectangle. It uses the common
mathematical vocabulary, starting with a function to describe a geometric construction.
Then, its derivative is set equal to zero, in order to find exceptional solutions. It appears
that they are the golden number, its inverses or opposites. For a rectangle of arbitrary
length a and arbitrary width b, we increase a by x and b by y (see fig. 1). This creates
two rectangles on the main diagonal (in grey), and two rectangles on the border (in
white). The extended area, made up by the rectangles on the border and the added grey
rectangle, is xxb + yxa + xxy (surrounded be a tick black line). We compare this area
axb +xXxy on the main diagonal (shaded).
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[Fig. 1: extending a rectangle.]

It produces a function f(x,y)= xbtyatab . Its extreme value is computed through
ab+xy
of 0
x 2 _by—bl= +
?))f( , or ¥ 2 by bz 0 . The solution yields the possibilities: x =a 1£45
= X“—ax—-a“=0 2
dy
1345 : e .
and y=b 5 of which only the positive signs yield positive lengths x and y (an

interpretation for the negative values could be given though).

1445 . 1+4J5 14455
Now | a 5 ,b _—

3 corresponds to a saddle point, while its z-value is the

golden number, independently of the value of a and b. This could have been expected,
as an initial division by a and by b would not have influenced the result.

The fact that we get a saddle point is remarkable enough to point out the particularity of
the golden section. Since it does not correspond to a maximum, another approach may
be of interest. We can simply start with a square (a=b=1). The rectangle on either sides
should not be too long nor too high; thus, for reason of symmetry and because of the
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previous experience, we could propose to take x=y. The extended area is compared to

the area of the squares on the diagonal (in grey), and this is given by a function
2 2_
g(x)= 2‘2‘2_ . Its derivative is — 2-’5-—%—21— , annihilating for x = 1.618... and this
1+x 1+x%)

corresponds to a maximum. Thus, if we want to extend a square by another square to
form a larger square, the added area is maximal, with respect to area of the two squares,
if the golden section is used (see fig. 2).

[Fig. 2: the rectangle in a thick line is too thin on the left and to thick on the right. Itis a
golden rectangle in the middle.]

The silver section can be obtained through such an optimisation procedure. If the given
rectangle is a unit square, the area cut off at one side is now compared to the total area

of the two squares on the diagonal. The silver section is the positive solution of s'(x)=0,
2

+x
where s(x) = T—_:T.The expressions for the s(x), g(x) and f(x,y) functions were
X

inspired by completely different mathematical problems (see Huylebrouck 2001). Yet,
the given formulation seems to correspond to what was probably intended by the
expression of "optimal solution", as given by so many authors, and refuted by others. It
seems but a rephrasing exercise, using mathematical vocabulary, but it could help to
reboot the mathematical career of the golden section.
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