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Abstract: We present a method to construct 2D equidecompositions of any two
polygons with the same area. In the 3D case, we give equidecompositions of two
parallelotopes with the same volume. Physical examples of 2D and 3D decompositions
will be shown. These constructions are based on a general method to obtain
ecluidecompositions of some n-dimensional polyhedra with the same volume, here
~’~=’~Cerred to as equivalent tiles. This technique consists of a dissection of both tiles with
a finite number of congruent pieces. The method is based on the superposition of some
c~mgruent (that is, with the same lattice) periodic tessellations obtained from the
(~riginal polyhedra to be dissected. This superposition ’cuts’ the first tessellation using
~se second one and so a finite number of the pieces are obtained. The finiteness of the
number of these pieces is given by the periodicity of these cuts, because of the
equivalence of the two involved tessellations. Let V={vl .....vn} be a set of independent
vectors in R~, then the reticle generated by V is



We say that a tile T~Rn periodically tessellates the space if there is some reticle Y¢ such
that the tilling T+}R=[T+u;u~3~) is a partition of Rn (the borders of the tiles can
overlap each other.) Two tessellations are congruents if they have linked to the same
reticle. Then two tiles, 7"1 and 7"2 with the same volume, which periodically tessellate
the space with congruent tessellations, can be equidecomposed."

1. 2D EQUIDECOMPOSITIONS

Let us equidecompose some polygons in R2. Let V={V1,V2} and T as shown in Figure 1.
Note that the borders overlap between them, a fact which is allowed. Note also that the
rhombi defined by the tiling generated by V form a congruent tessellation with the one
formed by T. Denote the tile T by T~ and the rhombus by T2. As T1 and T2 have the same
area, they are equidecomposable.

(a) Relicle of T (b) The "cuing~ process

Figure 1. (a) T and its related reticle; (b) The ’cutting’ process of the congruent pieces.

Let us dissect T~ and T2 in congruent pieces using these two tessellations. The process is
depicted in Figure 1: fixing the T~ tessellation, we can cut the congruent pieces using the
T2 tessellation, or vice versa (because of the congruence of the tessellations.) Note that
the obtained four pieces can reconstruct T~ and T2, so giving an equidecomposition of
these two tiles. This method also allows us to decompose any two parallelograms with
the same area. Then we can equidecompose any two equivalent triangles (doubling them
to two parallelograms.) Figure 2 shows two examples of these decompositions. Finally
we can decompose any two polygonal regions of the same area by previously
decomposing them into a number of equivalent triangles.
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Figure 2. Equidecompositions of rectangles and triangles.

2. 3D EQUIDECOMPOSITIONS

For two pamllelotopes with the same volume in R3, we can also construct the related
three dimensional tessellations. See Figure 3 for an example of a cube and a
parallelepiped. The process to obtain the pieces of the decomposition is the same as in
the two dimensional case. Figure 4 shows how the cuts look like for three pieces.

Figure 3. Two congruent 3D tessellations of cubes and parallelepipeds.

Figure 4. Obtention of three pieces of the decomposition.



Finally we can see in Figure 5 and Figure 6 two maps on how to reconstruct the original
parallelepipeds from the 15 pieces of the decomposition. Every pair of pieces in each
map presents a central symmetry. In this talk. a paper construction of this
equidecomposition will be displayed.

Figure 5. Map to recover the cube.

Figure 6. Map to recover the parallelepiped.
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