Symmetry: Culture and Science
Vol 1, No. 4, 1990, 431-439

RECREATIONAL SYMMETRY

SYMMETRICAL COMBINATION OF THE SUMS AND
PRODUCTS OF TRIGONOMETRIC FUNCTIONS
GIVING INTEGERS

Haruo Hosoya

Department of Chemistry, Ochanomizu University, Bunkyo-ku, Tokyo 112, Japan

1. INTRODUCTION

The purpose of the present paper is to disclose the secret receipt of deriving the
fantastic identities, involving the symmetrical combination of trigonometric
functions, such as,
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Namely, any symmetrical combination of the sum and/or product operation on the
square of 2 sin (km/n) or 2 cos (kw/n) is shown to yield an integer. Although one
can extend this idea into tangent functions, in this paper we will be concerned with
only sines and cosines. These results are one of the by-products of the counting of
the Kekulé structures, or perfect matching number, of molecular graphs, which
represent the carbon atom skeletons of -unsaturated hydrocarbon molecules
(Hosoya, 1986).

2. FIBONACCI, LUCAS, AND CHEBYSHEYV

The first and second kinds of Chebyshev polynomials are defined, respectively, as
(Abramowitz and Stegun, 1965)

Tp(cos B) = cos nb Q)

Up(cos 8) = sin(n+1)6/sin 0. t))

For convenience sake let us use the following alternative forms (Lyusternik et al,,
1965; Hosoya, 1981),
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which are nothing else but the matching polynomials (Aihara, 1976; Gutman et al.,
1977; Farrel, 1979). M(x), of cycle graph C,, and path graph S,,, respectively.*? The
matching polynomial is essentially the same as the Z-counting polynomial, Q;(x), -
proposed by the present author (Hosoya, 1971, 1972, 1973; see also Heilman and
Lieb, 1970, 1972), since both of them are expressed in terms of the non-adjacent
number, p(G,k), as

V2]
Q (x)= k:>=:O p(Gk)x* a1
M (x)= ["?f’(— D' G)x".

Koo (12)

It has been known that these polynomials, S, and C,, are closely related,
respectively, to the Fibonacci (F,) and Lucas (L,) numbers (Hoggatt, 1969).
Namely,

Fp = 0 S0 (13)
I__,n = i~n Cn(i), (14)



INTEGERS BY TRIGONOMETRIC FUNCTIONS 433

where

Fp=Fp.1 + Fn—2*3
Fop=F; =1 (15)
Ly =Lp.1 + Lp2

Lg=2, Ly =1.

(16)

The zeroes of S,(x) and C,(x) can readily be obtained by the substitution of
x=t+ 1/t Name’f ,for S,

[2(n+l)

Sa@ri) = Zt"7 = I(T—:Il) =0 an
giving ¢ = exp(iw/(n+1)). Then we get
Xk = 2c0s ~% (k =1, 2, =, n) (18)
For C,, we have
Cp(t+1/t) = " + 1/t =0 (19)
giving t = exp(im/2n). Then we get
xy = 2cos L= k=1,2 -0 (20)

In both the cases x; is numbered in the decreasing order. Unless otherwise stated
we will adopt this ordering for x;.

These rigorous solutions (18) and (20) enable one to factorize these polynomials as

Sn00 = ML(x=200s3% -
Ch(x) = k1E=11(X ~2cos (2—';—:—)—5) . -
Since
cos Sﬂ;nlfflilt‘ = —cos -r%
and cos[zn"k'*l)"”“=__Cos(2k—1)n

2n 2n ’
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both the products can be ‘folded’ into a half as,

tn/2) 2 kn.
Sn(X) Y n (X —-4cos N+l (23)
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(24)

with 1 forevenn

Y = (25)

x for odd n.

Respective substitutions of Eqs. (23) and (24) with x =i into Eqs. (13) and (14)
give the following results,

2 k=x

(/2
Fp = kI;[l l+4cos"— (26)

In/2]
L, = 1'1 1 +4cos

2 -1y
' 27

Note that Eqgs. (26) and (27) hold irrespective of the parity of n. Now all the
Fibonacci and Lucas numbers are shown to be expressed in terms of the
symmetrical product of cosine functions.*4

For a tree graph G as S,, the matching polynomial is identical to the characteristic
polynomial, P;(x), which is defined as

PG(x) = (-1)1 det(A-xE) (28)

with the adjacency matrix A of G and the unit matrix E of n Xn (Hosoya, 1971). For
a non-tree graph, the difference between the characteristic . and matching
polynomials has thoroughly been analyzed (Hosoya, 1972; Trinajstic, 1983).

Recently it was shown that for a graph G with one cycle the characteristic
polynomial of such an edge-weighted graph of G is equal to the matching
polynomial of G that one edge rs in the cycle has the following elements (Aihara,
1979; Schaad et al., 1979; Graovac, 1981; Mizoguchi, 1985, Hosoya and
Balasubramanian, 1989)

Arg=i and Ag=-i (i2=-1). (29)

An example is shown for a square graph G in Fig. 1. Choose one edge in the cycle,
say, 12, assign the weights as
Ajp =¢l® and Ao = €10
12 21 (30)
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to keep the matrix A —xE Hermitian, and we get the determinant as

x4 - 4x2 + 2(1 - cos ),

whose zeroes are obtained to be

x =+ 2 cos(8/4), * 2 sin(68/4). (31)
1 ) -X e® o 1
e _x 1 0
. s O 1 -X 1
G G 1 0 1 -X
=X4—~4X2+2(1-cos@)=0

X=+2co0s0/4, +2sin6/4

N 18y £
Ny W F

X=0,0, +2 X=+J2, £/2 X= /242
+J/o-72
8=0 O=TC o= T/2
Figure 1

Symmetrical solutions are obtained for 8 = 0 and T, respectively, corresponding to
the characteristic (x* — 4x2) and matching (* — 42 + 4) polynomials. However, we
can find several unsymmetrical solutions of interest, e.g., with 8§ = /2 (See Fig. 1).

In quantum chemistry the eigenvalues, spectra, or zeroes of Pg(x) play an
important role for describing the electronic states of a conjugated hydrocarbon
molecule whose carbon atom skeleton is represented by G (Hiickel, 1931). The
interested readers may refer to the standard textbooks (Streitwieser, 1961; Salem,
1966; Heilbronner and Bock, 1976; Coulson et al., 1978).
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3. SYMMETRICAL SUMS AND PRODUCTS

Encouraged by the finding of Eqs. (26) and (27), let us try to find out symmetrical
sums and products of trigonometric functions to give integers as Eqgs. (26) and (27).
From the standard compilations of mathematical formulas we can select the
following sets of relations (Moriguchi et al., 1960; Gradshteyn and Ryzhik, 1980);
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Similar formulas can be found for the fourth power of the trigonometric functions

(Moriguchi, 1960). However, no explicit formulas for higher powers seem to have
been documented.

The 2/-th power of cosine can be converted as follows:

220c0521p = (619 4 ¢-16y2!
21 2
= _Z . l) elif e-i(21-))6
= (21 (lej e2i(1-))0 . ¢-2i(1-))0, (33)

21 L) |
= 1 +2,21_jc052j6

j=1

By using the known formula for the summation of the series of successive cosine
functions we get the sum of cos?0 as follows:

Lo 1 1 21 \cosKr+ 1) sin jr0
kE.lcos k9=-2—5l—[(21 )r+22( —J} Sinjo ) (34)

Ifwe put @ = w/n = w/2m and r = [(n-1)/2] = m-1, we have
S= z<2cos k¥ (2 l)m )

22( 2 1\cos(jn/2) sin[j(n - hm/2m]
1-j/ sin(jr/2m)
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However, it turns out that

cos(n/2)sin{ifn - )7/ 2 m {0 for j=odd }
sin{jr/ 2 m 1 for j=even|,

Then the expression of S can be simplificd as

(-2
- (2 l)’“ :/:2, (1 + 23)

It is easy to verify
f‘gl ( 21 _)=%2' (2_1)2211-1
jn A+ 23 2ol ) :
Finally we get

- (le)m _g2 35

[(n-2/2] -

k=l

or

For the case of odd n we get exactly the same expression as Eq. (36) by putting
@ = w/(2m+1) and r = m. Thus Eq. (36) is proven to be valid for all n.

Quite similarly to the cosine function, we can prove the results for the sine function
as

37
Znsinzle=(21 )+ 2):(- 1 (2 : )COSZ_]G S
T2l s 1 (21 _ 2 1\cosj(r + 1)B8sin jrd 38
k§1 sin” k6= 22‘[( ) +2,§1( l)( i/ sinjf 1 (38)
and
[(n-D/2] - - n R
5 (2sinkD" 2 (217 D 204 (- 0" mzen. (39)

k=1

Though simple, Eqs. (33)-(39) have not yet been documented before.

The trial-and-error substitution of integer 1 and n into Eqs. (36) and (39 together
with the set of Eq. (32) gives us fantastic relations as Egs. (1), (3), and also the
following ones,
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s s
kn 10 . kT[ 10
z 22y = Ty " o
k=l(2c0512) k251(251n12) 1000 (40)

and so on. Equations (2), (4), and (5) can be obtained by combining the identities,
(26), (27), and (32). Since any of the symmetrical sums and products of sines and
cosines in the types of Eq. (32) is found to be an integer, the statement given under
Eq. (6) is approved.

Relations for the tangent functions have not thoroughly been exploréd yet, but we
could obtain several interesting relations as

2
Z(tan k" Z(cot ’6‘) - 100 (41)
and
[(Hm(tanl‘l)"— i—o(n—l)(nz—?.)(n2+3n— 13) n=even @)
k=1 g(n—l)(n +n -3) . n =odd
REMARKS

1 For the sake of aesthetics the last term of k for the cosine sum is rather to be chosen as 333.

2 Interestingly enough, in the graph theory the pair of symbols S, and C, have been used,
respectively, for the path and cycle graphs long before the relatlons 9 and (10) came to be
known (Harary, 1969).

3 Alternative definition of the Fibonacci numbers is F} = F5 = 1.

4  Equation (26) can also be derived from the diagonalization of the skew-symmetric matrix
representing the 2 Xn rectangular lattice (Kasteleyn, 1961; Temperley and Fisher, 1961).
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