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ON RESTORING OF FRAMEWORKS BY INTERNAL STRESSES

Let us consider the simplest pinned framework (Fig. l)

in a plane, consisting of two bars papa" psps and three

hinges CJolnts) pl,pa,pS, from which only Pl is not pinned

in the plane.

Figure 1

A non-zero set ~=(~ .~ > of real numbers, assigned to the

bars of this framework, is called ’~n internal stress or

~e equality e~r~s~ an e~lllbrlum of force, appli~ by

bars to the unpinned joint. Our frmwrk obvio~ly accepts

stresses only when Pl lles on the line p~p~. ~e can easily
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check, that if P~Pn are given, a framework p, accepting

stress ~, is uniquely define~i by this stress. We say, that

the framework p i~ restorable by its stress ~. ~e problem

is to investigate such p~sibility in the general case.

Let ~=~P,~ ~ a set of all fr~e~rks with a ~i~n

scheme S of bar connection and ~l~n pos£tions P of pinn~

If it is so, a set of all str~ses, accepted by p, to~ethe~

with the zero stress, constlt~ a su~pace ~p) of the

vecto~ spa~e W~of all i~inable str~s~ ~ is a nu~r

ba~s in pD. ~eal I y, the stP esses - a~e sol ~ions

hom~eneous linear equations s~tem of the form

question is: when a f~amewo~k ~ e~ be ~tov~ by its

st~s subspace ~pg? ~ in the othe~ wo~ds, -

cases p is the u~que in ~ frame~rk, having

~Ivin~ this p?oblem, it turns out ~e~onable to put

some a p~lo~i ~est~ictlo~ on the £?a~wo~k p. Na~ly~

shall conside~ p ~ula~, i. e. all its ba~s ape of non-zero

length; and entirely st~essable, l.e. having a stress non

-zero on each ba~. A complete ans~F to the question was

obtained only foF the fFamewoPks, lyln~ on a straight llne.

It depends ~rely on a sche~ S and on P, not on a ~egular

f~amewo~k itself.

Even fo~ the f~a~works on the plane the p~oblem Is far

f~om its solutlon. In the ~emaining ~rt of the abstract

I’ll describe the situation in this case. At first, an

important sufficient condition of ~estoDab~llty Is kno~
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an arbitrary dimension. It is the Connelly’s spider web ca~e

[i]: if there exlmts a stre~s ~W(p~ with all ~ .>O, then a

framework p is restorable by W~p}. From the other hand a

rather general condltlon o~ non-re~torabllitF of entlrely

mtremmable fra~workm eximt~ in all di~nmlonm. Let um

formulate its mlm~le~t case. ~mu~ a met F of the jolnt~ of

a plane framework ~ consists of two ~artm Wi and Fro, much

that all jolntm of ~ are ~nplnn~ ~d all bars, ~oing from

V~ to Vi, are ending either In a joint. ~i~K~ or in a joint

pm~V~. A framework of thlm t~ is mho~ In Figure ~, where

Figure ~.

Suppose ~p be an image of such a framework p under arbitrary

afflne transformation ~ of the plane keeping joints Pl and

fixed. If p accepts internal str~s~, then

~is is strictly the case of the frame~rk from Fig~e

But a pr~ence of ~uch afflne m~try is not the only

reamon for failing r~torabillty of entirely str~mable
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r egul ar frameworks . The f 01 1 o w i  ng exampl e 1 ooks somewhat 

e surpris ing and asymmetric. Frameworks pi and p i n  Figure 3 

a>, b> a r e  belonging to t h e  same set p. Both this frameworks 

are  ent ire1  y s tressabl  e and have a one-di mensional s t r e s s  

subspaces. But t h e  framework pi is  res torable  by its s t r e s s  

2 subspace, and p is not!  

Figure 3 
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