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In most studies of colorings of symmetrical patterns, the colorings considered are what are

termed perfect colorings. These are colorings in which each symmetry of the associated

uncolored pattern effects a pernlUtation of the colors of the pattern. For example, of the colored

pattern.s below obtained from the pattern in Fig. I-a, the pattern in Fig. lob is perfectly colored

(a) (b) (c) (d)

Figure 1.

while the other two are not. The uncolored pattern has eight symmetries, four of which are

reflections in the indicated lines through the center of the square and the· other four are

counterclocl..-wise rotations about the center ofthe square at angles measuring 90°, 180°,270°, and

360°. It may be checked that each of these symmetries results in a permutation of the colors in Fig.

I-b. For instance, under a reflection in the horizontal line through the center of the square, colors

"black" and "white" are interchanged while the other two colors are fixed. The colored pattem~ in

Fig. J-e and Fig. I-d are are not perfectly colored because under a 90° - counterclockwise rotation

about the center of the square, color "black" goes to two colors and not just one color.

In this paper, we present a framework for the analysis and creation of colored symmetrical

patterns, whether perfectly colored or not. We show the role played by three groups- the symmetry

group G of the underlying uncolored pattern, the symmetry group K of the colored pattern (which

is the subgroup of elements of G which fix all colors) and the group H of color transformations
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which consists of the symmetries in G which pelIDute the colors of the pattern. We treat a coloring

as a partition of G or a decomposition of G into the union of mutually disjoint non-empty subsets

wherein a unique color is assigned to each set in the partition with different sets getting different

colors. It is assumed that the uncolored pattern is obtainable as the set of images under

symmetries in G of a motif in a fundamental domain for G.

Perfect colorings are colorings where the group of color transformations H is equal to the

symmetry group G of the corresponding uncolored pattern. It is well known that a perfect coloring

corresponds to a partition of G into left cosets of a subgroup of G. In the geneml case, where H

may be different from G, we show that a coloring corresponds to the partition of G into sets which

are uulons of right cosets of K, where K is the symmetry group of the associated colored pattern.

Using the theory of permutation groups and group actions, we devise a method for determining all

colorings of a symmetrical pattern where the subgroups H and K of the group G are specified. For

example, if it is specified that the only symmetries of the pattern in Fig. I-a that will permute the

colors are the reflections in the diagonal of the square and the 1800 and 3600 -rotations about the

square's center and with only the 3600 -rotation and the reflection in the diagonal sloping upward

to the right fIxing the colors, we show how to arrive at· all the non-equivalent colored patterns

satisfYing this condition. These are shown in Fig. 2.

Figure 2.

TIle method described is applicable to symmetrical patterns in general. In particular, we

exhibit illustrations for wallpaper patterns Or two-dimensional crystallographic patterns.



References:

SYMMETRY:NATURALANDARTIFIClAL 59

1. H.S.M. Coxeter, et. al. (Editors), M.C. Escher: Art and Science, North-Holland, Am~terdam

(1986).

2. B. Grunbaum and Z. Grunbaum, Symmetny in Moorish and other ornaments, Camp. and

Maths. with Apps. Vol. J2 B, Nos. 3/4, 641-653(1986).

3. B. Grunbaum and G.C. Shephard, Tilings and Patterns,Freeman, New York(1986).

4. S.O. Macdonald and AP. Street, The analysis ofcolor symmetry, Lecture Notes in

Mathematics, Springer - Verlag, 210-222(1978).

5. J.F. Rigby, Compound tilings and perfect colorings, Leonardo, Vol. 24, No 1,53-62(1991).

6. R. Roth, Color symmetry and group theory. Discrete Mathematics 38, 273-296(1982).

7. R. Roth., Coloring p4m with two, four, and six colors, Acta Crystallogr. A41, 484-490 (1985).

8. R.L.E. Schwarzenberger, Colour Symmetry, Bull. Land. Math. Soc. 16,209 - 240(1984).

9. M. Senechal, Color symmetry, Camp. andMaths. with Appls. Vol. 16, No. 5-8, 545-553(1988).

10. M. Senechal, Color symmetry and colored polyhedra, Acta Crystallogr. A3P, 505-511(1983).

11. AV. Shubnikovand V.A Koptsilc, Symmetry in Science andArt, Plenum Press. New

York(1974). Russian original published by Nauka Press, Moscow(1972).

12. B.L. Van der Waerdenand J.J. Burckhardt, Farbgruppen, Z. Kristallogr. 115,231-234 (1961).


