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Most o# unique properties of dynamics of a system ar~ oau~
by its symmetry. These include multiplicity of natura-I frequen::
number of independent forms of vibrations, effect of distur’bin~i

~f,however~ the role of symmetry and its effects ere to Be
died, it is he)pYu! then to use the theory o~ symmetPy groups, !’his
approach allows to characterize the symmetry of an object under
study in terms of exact mathematice! language, thus enab]fing a
qualitative ana’!~sis of the systems. Such a theoretical-group appPo--
ach is efficient in numerical calculations o{ complex systems since
it allows to overcome the "misfortune" of -large measures through
decomposition of vector space.

~hen studying a system by symmetry group methods the dynamic

However, full symmetry of a mechanism is defined not only by re]a ....
rive positions of similar elements,but also by symmetric properties
of each o¢ them,2.7

Therefore !et us make the dynamic model of Fig. ! more c~ear
by describing each element’s configuration with a finite number
of points. On the one hand, the number of points and their errange..-
ment must fully define element configuration ; on the other,they
must represent,part!y by intuition, the symmetry of the entfre sys-
tem as much as poesible.

2 -epicycle
3 .... satellite "P"
& -. body
5 -- pinion carrier
6 .... beeping

Now,mark by encircling, the assumed equivalent points, cha--
racterizing the symmetry of separate e}emente; the~ groups of
polnts will characterize symmetry between them.

Thus, three groups of points
define symmetry between elements ,Pi" -symmetry group 03, while
points (?,8),(10,1!),(!3,14) define symmetry of each element "Pi" ’-"
symmetry group 02. On the others hand, each group of points
and (4,5,6), when taken separately, characterize symmetry of ele-
ments "S" end "E" -. symmetry group C3; then taken on the whole, they
give symmetry group 02. Under the circumstances shown the symmetry
of the mechanism under consideration can be represented as a sum of
product of groups C2®C3~C3@C20 where @- product of characters of
group irreducible representations,and � - their direct slim, Finally,
the symmetry of the entire mechanism - C3h+C3h,

After mechanism symmetry has been defined one can pass over to
ena/yzing its properties in terms of quality, For thief put down
characters of irreducible representations of point symmetry group
C3h into Table 1, comD-i]ed for group algebra in the field of complex
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Table 1

!Ch !E !C !C !C !S !8!

! ~1 ! !
! 2L? ~ 1
! 2~3 ! 1
! ~4 { 1
] 7L5 ! 1
! ;(6 ! 1
~ n(R) ! 1..5
! 2L(R) ! 1..~

!
1

For better convenience some data is below under the Table,
This data refers to the number of immovable points n(R) (for vari-
ous operations) and to characters of Cartesian reducible represen ....
rations 3    . The data allows to define number m ,showing how
many times each of irreducible representations is contained in a
Cartesian representation.- m~-= ~a~e 2~r(R)Z~.(R), ~here h ..... number of
e]ements in 88t groups G; R -.operation on group; 77, X, .... characters
of reducible and j-th irreducib]e representations respact~vely. For
symmetry group C3h m is expressed a8

Substituting    (R) values from Table 1 into (1) one will
rain ml = 2; m2 = 2; m3 = 2; m4 =3; m5:3; m6:3. Hence the original
vector s.pace ’L (with dt.lly accounted symmetry of the mechanism’s
e]ements) sp]lts into a sum of orthogona] subspaces of similar
vectors    I.,. = !5 = ~1+2~1+2~1+3~1+3~1+3~1,

~hereas ~n a molecule type mode’l, analyzed in the worR , the
equivalence of similar points is self-evident, the equivalence of
points in the mechanica! model has yet to be substantiated, ~hen the
equivalence conditions are not.satisfied, attempts should be than
made to construct symmetry. Ensure that equivalence of points does
exict, using operator A,which interrelates the origlna.l, Cartesian
system of coordinates "q" and the point system "u". A q = u    (2)

Thus for elements "8" and"E" expressoln (2) is:

¯ =/u~/ ~= sin(22(l--3)/3)

r- radius of gear pitch circle. Put down the expression of matrix
of stiffness (~) and mass (~) in new coordinate system "~" in terms
of their original expressions ~= (A-t )’ Q ~*;" ~ = (A-? ) M
where M and C "o- matrices of masses and stiffness in the original
coordinate system "q", u~ .... vector of displacement of the iTth
point of the k-th element.

The expressions obtained for C and M allow one to see whether
the points are e~uivalent. Verification proves that points
(10,11) and (13,14) are not equivalent; hence~ the system symmetry
is defined by a direct sum of groups Cgh and C9. This e×platns
lack of parity in the measures of subspaces0 as in the case of mo-
lecule NaC1 cited in work~. Such transformations can be used
to construct symmetry. Thus, for a group of points 1,2,3 and 4,5,6
it is necessary to satisfy the conditions~

where 8 = A , In (3), for e×ample, parity can be assu~ed by pro
per choice of inertia moment of element "E",given that-gears
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and "E" have similar masses (Ms = Me) and coefficients of elastic
links. If masses and stiffnesses of elements "8" and "E" are diffe-
rent, the point equivalence condition can directly be inferred from
equality of partial frequenoies of sybsystem "8" and "E". i.e. con’-.
ditioned that ~s = ~e, H = M-~ C

Organization of high symmetry grade in a system suggests" that
disturbance symmetry grade is as high. Only in this case will sach
subsyetem be "engaged’, with "its" disturbing force . These prob-
lems can be studied smployin.g a ~heoretical-group approach and. tak-
ing into consideration the symmetry of both the disturbance and the
system per se , Let us exemplify the analysis technique by the mode]
uoder consideration, Begln’with detehmining the proJe~tlve operator
Te .which links basis Vectors of original system also wlth vectors
~66 of symmetric coordinate ,..y,.tem u =T u (4),where T --~e
~ (R) --character of the j.-th irreducible representation
~ - measure of the j-th representation, Substituting (9) into (4),
one will obtain g : T .A    u or g : .    u (5). The latter can be
formulated in the form of Table 2, interrelating Cartesian �oordi’-
nate system with symmetric one, after sorting subspacss Di. Using
operator ~ for traneforming the original vector of disturbing for-
ces F(t), one will obtain its written form over subspaces-
F(t) = ~ F(t), Hence, each Di subspace will be expressed as
Di~ : Fi(t)    (6)

Given as an e×amp]e ar~ disturbing forces from unbalance of
bodies "8", "E" and "P". In this the unbalancing force on eaCh sa .....
te]lite can act either in p~ase with othere, ~ : ~z :~a ~ out of
phase at an angle ~& : 2~ (i---.1)/3      ; (1:1,3) or arbitrarily,

Having completing transformations, a-ided with operator Q, their
structure Can be accounted of in subspaces Di, table 3. Forming
equations (6) on the results of table 2 and 3, one can argue that
F(t) from elements "5" and "E" do ~ot disturb vibrations in
DI, However. these forces0 alike Fic(t), "engage" with the
subspaces, destroying the system symmetry.

Table

Di ! ¢oord, !    Ui :F(g )

131 ! "/ ! u? = Xp

! 2 ! u2 : Rs + Re
02 ! 10 ! ulO : Xp

! 3 ! u3 = Rs +Re
03 { 13 { u13 = Xp

{ g ~ u9 : ype

! 5 { u5 : Rs ....
D5 ] 11 ~ ull :

~ 12 ~ u12 : Yp

~ 6 ~ U6 : R8 ....
D6 ~ 14 ~ u14. = ~-

~ 15 ~ u15 = Yp

R : ~X +~Y ;
.(+) .... 8ymmet tic form;

(-) - oblique-~ymmetric form:

~     !

! ! 0 ! 0 ! 0 ! 0 !    0
{ D1 ! 0 { 1 t 0 ! 1

! ! 1 [ 0 ! 0 t 0 ! 1
! 02 ! 0 ! 1 ! 1 ! 0 ! 0 t

! ! 1 ! 0 ! 0 ! 0 ! 1
! D3 [ 0 ! 1 { 1 ! 0 t O !

! ! 0 ! 0 ! 0 t 0 { 0
! D4 I 0 ! 1 ! 0 l 1 ! 0

[ [ 1 t 0 { 0 { 0 { 1
~ D5 ~ 0 ~ t ~ 1 -) 0 ! 0
~ ~ 0 [ 1 ~ 1 ~ 0 ~ 0

t { ! l 0 [ 0 { 0 t 1
~ D6 f 0 I 1 ~ ! ~ 0 ~ 0
{ ~ 0 { 1 ~ 1 { 0 ! 0
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The theoretica]-.-greup approach can be app]fed to formulate the
inverted problem as we!’],when a new struct:uPe F(t), dffs~urbfng onIv
definite subspece is given end when it is necesser’y to derfve the

obtain on the basis of inverted transformation ~-~ ~i (t) = Fi(t).
Consequently, one can not on]y ana]yze mechanfsm qua!itatively, but:
a’]so sythesize symmetry ~ith due account made to disturbfn9 forces
and thefP phase] re!ations, The descrfbed analysfi~ technique allo~s
to dispense wtth dynamfcs equations o~ a studied mechanism as it
is based on]y on the propertffes of its symmetry.
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