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ON THE VARIOUS PHASES OF CIRCLES. SPHERES IN WASAN

MICHIWAKI Yoshimasa
Haebashi City College of Technology
Kamisadori-~achi 460, ~a~bashi, Japan

The main ob.jects of this paper are treated the problems about Descartes Cir-
cle Theorem and the related Wasan problems, and more the three dimensional ext-
entions.

1. Short History of the Descartes Cercle Theorem.
Decartes Circle Theorem~ that is a theorem on curvatures of touched circles~)
that is: When three circles(curvatures are e~ ,e~ ,and e~) circumscribe each
5ther and the fourth one (e~) contacts the other three, respectively, there is
the following relation (Fig. l, Fig. 2 ).

Remark. The Descartes Circle Theorem in Rene’ Descrtes’ complete work:~o not
shaped itself into a theorem, because it was his letter to Princes Elizabeth.~)

Hany scholars are extension this Theorem. That is, Steiner solved it on the
curvature of the fourth circle:

e@ = e, ~ e#.? e~ ~ 2( e, e ~ e~ e# ~ e se, ) ~ (I)

Helzak and Stanton started the above formura, and they extended it to n-th
circles. H.S.H. CoxeterOand Morley ~)moreover Walker are extended the n-th cir-
cles. Substituting ~, ~ , "~’,and ~’~ for eI , e~_,e~ and e~, respectively in
Steiner’s formula (1), he defined the n-th circle (curvatureS) inductively
and he got the following:’~)
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where

2. The study of it in Japan.

Nushizumi Yamaji(d~,~/l~-~ 1724 - 1772) wrote Zeishiki
at 1751. In this, he says about the Descartes Cirle Theorem as follows:

When three circles having radii r,, rz and rj circumscribe each other and fo-
urth one (radius x ) touches the other three, then there is-following relation:

2r~ r~.r3 - 2 r, r~r.!- 2 r, r~r~ ) xz= O.

That is, we have rewritten as follows:

X-I= e/t= S~’ ,t,.

’ s ’ and ’ are expressed the fundamental symmetric expression of eIwhere SI , , z S~

Theorem~/’) Let a point 0 be the center of two concentric circle having curva-
tures ~ and ~jo. Let circles 0’,0" ( curvature 3~° ) be in contaet externally
with each other and also with the two circles above. We use the same symbols 0’,
0" for the centers of these cirles.

Ler PI(~) be the center ( curvature ) of a circle which is in external cont-
act with the circle 0’,0" and the inner circle O. Morover, let ~(~) be the
center ( curvature ) of a circle which is in external contact with the circls O’
,0" and is in internal contact with the outer circle O.

Furthermore, let ~(’~) and Pz(G~) be the curvature and the center of a
circle which is in external contact with the circles O’,P~(~) and the inner (
the outr ) circle 0 ..... ~epeating this proceses, are obtain the series ~, ~
,... , ~(’L’~,~_ ..... ~) respectively.

Then the following invariable relation is held ( Fig.3 ):

Fig.3

IL ( n : t. 2 ..... n).

Fig.!



385

Recent~)~ When three circles A,B,C ( radius a,b,c ) circumscribe each other and
more another three circles D,E,F circumscribe each other in that three circles
,B, C’s gap. Then the forth circle’s radius d is as follows ( Fig. 4 ):

Remark 1. Let et, e~, e#, e÷be the curvatures ad ,b~ ,ed ,dN, then we have
by Wasan experts as following:

e÷ = e,~-2( e~. -~ e~ ) t 2~’.

This is so called ~P~ 4~ ~’,~.

Remark 2. This oroblem is on the ~athematical tablets in Soshid~, Bush~’~torino-
uchi at Bunky~ 3 ( 1863 )( Fig. 5 ).

3. The stu~ of it in three demensions.

The Descartes Circle Theorem easy expand to three demension. But its omitt.

Theorem’~} A spherical segment has diameter a and hight b. Four equal spheres
of diameter r are tangential to each other. Two of them are tangent to the sphe-
rical segment and the plane base, one is tangent with the spherical segment only
and the last is tangential to the plane only ( Fig. 6 ):

Theorema) The large sphere G having curvature ~ is packed with equal sphres
having curvature 3~. A~,A~,A~ and A~ are four spheres of the above equal ones
and they touch each other.

Let ~ be a sphere circumscribed with the above four equal ones, and Pz be
one circumscribed with the spheres At,Az, A ~and ~ ..... Finally P7 is defined
as the same process, then Pv~rees to P~.

And more, let Q~ touch the spheres AI, A.~, A-ands. large one QI, Q2_do the
spheres At, A2z Qt and large one G ..... Finally Q7 is defined as the same pro-
cess, then Q~agrees to QI.

Furthermore, let 0-~("L’~) be the curvature of sphere P~(Q~), then

Fig. 5
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4. The study of it in Japan ( 2 )

Tansaku Samp~ is wroted 1840 by Shok5 Kenmochi ( 1790 - 1871 ). The seven
problems like this are treated by liasan experts. One of then as follows.

Problemf) Three spheres A,B and C are circumscribed each other and they put
between the flat boards. The fourth sphere D being touched the b~ards and the
spheres A and B. Similarily the fifth sphere E and the sieventh one F in made.

Now, the radiuses of the spheres A, B and C are 6, 3, 4 centimeters, then let
seek the radiuses of the spheres D, E and F ( Fig.7 ).
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