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Acad. G.Bonchev Str., Bl.4, 1113 Sofia, BULGARIA.

INTRODUCTION
The symmetry of a structure is in essence a form of
invariance of this structure under some type of

transformations. The acceptance of such an idea and its
consistent application seems to be the only way a sense or
a feeling for the existence of symmetry to be developed
into a well-build theory.

The investigation on symmetry associated with partial
differential equations (p.d.eqns) in the above sense is
pioneered by Sophus Lie. Recently his theory has been
gignificantly advanced notably by L.V.Ovsiannikov and it is
known now as group analygig of differential equations (gee
Ref.[131)>. In principle this theory is based on the concept
of invariance of p.d.eqns under continuous (Lie) groups of
transformations.

In this paper an application of the above mentioned
theory ig presented. The eqilibrium eqns of one class of
thin elagtic shells with varying curvature are congidered
and it is shown how the symmetry of thigs egqns can be
utilized for their solving.

FUNDAMENTAL EQUATIONS

Let the gurface F in the three-dimensional Euclidean
space ®® be given by the eqn
1> z = £Cx,y) = (xZ+y?) 721 ACx%~-yZ>42Bxy1,
where A and B are real constants and (x,y,2) ig a
Cartesian coordinate system in space R®. The coordinate
variables x, y will be used further as Gaussian coordi-
nates in F.

Let. us consider now a thin elastic shell with constant
cylindrical rigidity D and thickness h and let its
middle surface coincide with some part of the surface F.

Since the gurface F is evidently asymptotically flat,
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i.e. f~0 when x2+y2-o0, then for an appropriate number
R the following ezstimates are valid

Car ax>%<<1, (Af axdCar/ayi<il, (af dy>2<<1

in the domain 0 = {(x,yYeR2 x2+y?zR>.

Hence, in terms of Donnell-Vlasov theory (see e.g. Ref.
21> the shell under consideration can be treated as shal-
low in the domain Q. Then, in linear treatment., the =sys—
tem of its equilibrium eqns can be written in the following
form
DAAw — b d¢ps3y* + 2b & ¢soxdy - b T psax* = qix,y?,
2> 11 12 22

C1/EhdAA$ + b F°wray® - 2b ,3°wsaxdy + b, ,d°wsax® = 0,

where w ig the transversal displacement function, ¢ ig
the Airy’s streas function, E is the Young modulus, q ig
the external transversal loading, A = arrax? + 62/6}'2 and
baﬁ Ca,f3 = 1,22,

3D b,

2 = = - 2
F*rrax?, b,,=b,, = &Ftraxdy, b, = dtsay

are the components of the curvature tensor of F, approxi-
mated in the manner accepted in the shallow shell theory.
Accordingly to formulae (1> and (3>, the explicite form of
components baﬁ is

b,, = -b,, = (x®+yHH> T Atx 4yt -6x"y* > +aBxy(x* -y,
>
b,,=b, = x4y T A AXY Cx 2y Py -BOx P +yT-6x2y 21,
The complicated form (43> of the coefficients b makes

the integration of system (2) quite problematic. A con-
siderable progress in this direction could be achieved how-
ever by using the symmetry of this system of eqns.

FORMULATION OF THE PROBLEM

¥hen a system of p.d.eqns with varying coefficients isg
being solved it is very helpful to be known whether there
is a transformation of its independent and dependent vari-
ables so that after rewriting the system in the new vari-
ables its coefficients to become constant. Indeed, if the
gystem could be transformed in this manner, then each one
of the well known methods for integration of systems with
constant coefficients may be used for its solving.

In Ref.i4] Bluman shows that when the full symmetry
group of a given linear homogeneous p.d.eqn with varying
coefficients is known then a definitive and constructive
answer of the above question can be found. Following his-
approach in general outline we analyse this problem bellow
for the system (2).
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Obviously, the answer of the problem in question does
not. depend on the form of the right hand =side of system
(2). In view of that it is naturally the simplest system of
this form, i.e. the homogeneous one, to be considered.

SYMMETRY GROUP
Let us denote by S the homogeneous system of egns of
form (2>. In Ref.I[31 it ims shown that the full gymmetry
group of s=system s is two-parameter Lie group of
transformations in the space R‘(x,y,w,¢) of the
independent. x, y and the dependent w, ¢ variables of
system S. The infinitesimal generators of this group are

X, = x*~y®)arax + 2xyardy + 2xwd’ow + 2x¢3/3p,

3>

X

. = —2xydrox + (x3-y?3@r8y ~ 2ywa/Ow — 2ypdrop.

TRANSFORMATION OF THE FUNDAMENTAL EQUATIONS
Congider the following transformations of the variables
of system (2):

xl

yl

f1(x,y), w/
£ (x,y2, ¢

W (x,ydw + F (x,y)¢,
<62

]
]

W (x,ydw + F _(x,yd¢,

where f , ¥,and F_ (a =1,2) are arbitrary, but suf-
ficiently smooth functions in the domain Q. Evidently only
the transformations of form (6> provide linearity and
homogeneity of system s after passing to the new
variables. That. iz the reason only transformations of this
special type to be considered.

If there exists a transformation of form (6) such that
the infinitesimal generators of the symmetry group of
system & take on in the new variables the form

72 X/, =asox’, X/ = asdy,

then after rewriting sytsem 8§ in this new variables its
coefficients become constant and vice-versa.This conclusion
is a consequence from the following well known .general
group property of the linear homogeneous systems of p.d.
eqgns: if a linear homogeneous system of p.d.eqns has
constant coefficients then this system admits the group of
tranglations in the space of its independent variables and
vice~versa.

On the other hand in passing to the new variables the
infinitesimal generators of the symmetry group of system S
transform (gee e.g. Ref.[81, p.45) as follows

X/ = (X x/d8,/3%x! + (X _y’daray’ +
8> [=3 [+3 ot
+ (X W/ dAsOw + (X $'d0/0p" (o =1,2),

Comparing the right hand sides of (7> and (8> and sub-
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gtituting (8) and (6) in the obtained expressions we work
out. the following overdetermined linear system of first-
order p.d. eqns

(x*-y®)0Ff /8% + 2xyOf s3y = &
2xyof /9% — (x*-y®)or say

]
|
Cr

9y (x?-y®>aW 3% + 2xyd¥ /8y + 2xVW, =

-

>

sz—yz)apa/ax + 2xydF /3y + 2xF =
2xyd¥ /9% — Cx~y?)aM sy + 29V, =

>

c o 8 ©

2xydF /ax — (x~y*)F sy + 2yF, = 0,
where a, 3 = 1,2 and .5‘3({3 is the Kronecker delta symbol.
Combining all the above we are able to formulate now the
following result: the system of form (2) can be transformed
to constant. coefficient system by transformation of form
(6> if and only if the corresponding functions fa’ wa and
Fa satisfly sygtem (9).
It is easy to show that the functions
£, =- xCxZ+y%y7 1, £, = yCxZ+y*y 7t

¥V, =F, = sx®y®H™, v =F =0,

gatisfy system (9). The corresponding transformation of
form (6) is
1

>

x/ -xCxZ+y®y~t | W wil/4)Cx2+y®>~

€10)

y’ yCx%+y?3 1 @/ = @C1/42CxP4y®> 70,

Rewriting system (2) in the variables given hy (10) we get
DA’ A’ w/ —AG* ¢’ /By’ 2~2B@* ¢’ /3x’ By’ +AF ¢! rIx’ P=q(x’ 24y’ )73,
C1/ERD A’ A! @ +Ad w’ /3y’ 2+2BF*w/ /3x’ By’ ~AF*w! #9x’ *=0,

where A/ = d°/ax’? + a”zaylz.
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