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Abstract: Symmetry as a characteristic of shape and form has been widely studied both
in the artistic and esthetic aspect on one hand and in the mathematical and
computational aspect on the other. Symmetry is typically viewed as a discrete feature:
an object is either symmetric or non-symmetric. However visual perception and natural
behavior and phenomena treat symmetry as a continuous feature, relating to statements
such as "one object is more symmetric than another" or "an object is more mirror
symmetric than rotational symmetric". With this notion in mind, we view symmetry as a
continuous feature and define a Continuous Symmetry Measure (CSM) to quantify the
"amount" of symmetry of different shapes and the "amount" of different symmetries of a
single shape. The characteristics of the CSM provides the ability to analyze the
symmetries of images, shapes and 3D objects while taking into account the hierarchical
and continuous nature of these symmetries and allowing for noise in the data such as
occlusion and fuzzy data.

1 INTRODUCTION

Symmetry is one of the basic features of shape and form. It has been widely studied
from various aspects ranging from artistic to mathematical. However the classical view
of symmetry as a binary feature - either an object is symmetric or it is not - is
inadequate to describe the symmetries found in the natural world. It is inconsistent with
visual perception and natural behavior which treat symmetry as a continuous feature,
relating to statements such as "one object is more symmetric than another" or
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"an object is more mirror symmetric than rotational symmetric". With this notion in
mind, we view symmetry as a continuous feature. Accordingly, a Continuous Symmetry
Measure (CSM) has been defined [11, 3] which quantifies the "amount" of symmetry of
different shapes and the "amount" of different symmetries of a single shape.

2 THE CONTINUOUS SYMMETRY MEASURE (CSM)

We define the Continuous Symmetry Measure (CSM) as the minimum ’effort’ required
to transform a given shape into a symmetric shape. This ’effort’ is measured by the
mean of the squared distances each point is moved from its location in the original
shape to its location in the symmetric shape. Note that no priori symmetric reference
shape is assumed.

.fp, ~.nFIA shape P is represented by a sequence of n points t ~J,=o. We define a distance
between every two shapes P and Q:

1 ~ IIP~ - ~,11~

We define the Symmetry Transform P of P as the symmetric shape closest to P in terms
of the distance d. The Continuous Symmetry Measure of P denoted S(P) is defined as
the distance to the closest symmetric shape:

S(P) =d(P; P)

The CSM of a shape P = "tr~J’~=o is evaluated by finding the symmetry transform P of P
i y]’rtFIand computing: S(P) = =, ~=0 IIP --i’ II=. This definition of the CSM implicitly implies

invariance to rotation and translation. Normalization of the original shape prior to the
transformation additionally allows invariance to scale.

A geometrical algorithm was developed to find the Symmetry Transform and the CSM
of a shape (see [3, 11, 6] for details).

The general definition of the CSM enables evaluation of a given shape for different
types of symmetries (mirror-symmetries, rotational symmetries, etc.). Moreover, this
generalization allows comparisons between the different symmetry types, and allows
expressions such as "a shape is more mirror-symmetric than Cz-symmetric."
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An additional feature of the CSM is that we obtain the symmetric shape which is
’closest’ to the given one, enabling visual evaluation of the CSM.

The CSM approach to measuring symmetry allows the hierarchical nature of symmetry
to be expressed and quantified, as will be discussed below. Additionally, the CSM
method can deal with noisy and occluded data, also discussed below.

3 MEASURING THE CSM OF SHAPES, IMAGES AND 3D
OBJECTS

The versatility of the CSM method has induced its use in various fields such as
Chemistry [9, 5], Psychology [4], Archaeology [2] and more. Underlying these studies
is the ability of the CSM to evaluate continuous symmetry in shapes, images and
objects. Previous approaches to evaluating symmetry in shapes, images and objects
which mainly rely on the binary concept of symmetry are reviewed in [11, 3].

bo Co

Mirror
C

a) 2D polygon and its Symmetry Transform with respect to b)
b) C2-symrnetry (SD = 1.87)
c) Ca-symmetry (SD = 1.64)
d) C6-symmetry (SD = 2.53)
e) Mirror-symmetry (SD = 0.66)

Figure 1: Symmetry Transforms of a 2D polygon.
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3.1 CSM of a Set of Points

Given a set of points, possibly with connectivities between these points, the CSM is
calculated using the geometrical algorithm previously developed [11, 3]. Given a shape
such as a polygon, the vertices can be used as the input to the algorithms. Figure 1
shows an example of a shape and its Symmetry Transforms and CSM values with
respect to several types of symmetries.

3.2 CSM of a Continuous Shape

Measuring the CSM of a general shape, requires the pre-process of representing the
shape by a collection of points. Several methods have been suggested to sample the
continuous contour of general shapes in order to obtain a collection of points as input to
the CSM algorithm [8, 11]. Figure 2 shows an example of a general shape whose
contour has been sampled, a collection of representative points obtained and the
Symmetry Transforms and CSM values were calculated with respect to several types of
symmetries.

a) The contour of the shape is sampled.
b) The Symmetry Transform of the shape is found.

Figure 2: Symmetry Transform of a general 2D shape

3.3 CSM of Gray-scale Images

Two approaches have been used in applying the CSM to gray-scale images. One
approach segments areas of interest from the image and regards their contour as 2D
shapes (see Figure 8 for example).

Another approach in dealing with images, lets pixel values denote elevation, and
considers an image as a 3D object on which 3D symmetries can be measured. Figure 3
shows a range image and a gray-scale image for which the 3D mirror symmetry
transform was computed, the 3D reflection plane was found and the 3D object rotated to
a frontal vertical view.
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Figure 3: Applying CSM wlth respect to 3D man-or-symmetry to find orientation of a 3D object.
a) Original range image, c) Original Gray-scale image, b,d) The symmetry reflection plane

was found and the object in the image rotated to a frontal vertical wew.
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3.4 CSM of 3D Objects

Measuring the CSM of 3D objects is straightforward given a collection of 3D points as
representatives [11, 3, 7, 9]. A variation of this scheme involves measuring the
symmetry of the projection of a 3D object onto the image plane [12]. This approach is
used in reconstruction of 3D objects from their 3D projections. Figure 4 shows a 3D
object and its symmetry transform with respect to T,t-symmetry (tetrahedral). Figure 5
shows an example of 3 projections of a 3D object which was reconstructed using the
CSM approach.

a. b.

Figure 4: A 3D-object (a) and its symmetry transform (b) with respect to Tetrahedral-symmetry

Figure 5: Reconstruction of a 3D-mirror-symmetric object from 2I) images of different viewpoints.
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4 EXPLOITING THE CHARACTERISTICS OF THE CSM

The CSM approach to measuring symmetry can be embedded in a scheme that takes
advantage of the multiresolution characteristics of symmetry The symmetry transform
of a low resolution version of an image is used to evaluate the symmetry transform of
the high resolution version. This technique was used in estimating face orientation [11,7].

In many cases the source data is noisy. The CSM method can be exploited to deal with
noisy and missing data. Considering noisy data, where the collection of representative
points are given as probability distributions, the CSM approach can evaluate the
following properties [11, 10]:

¯ The most probable symmetric configuration represented by the points.
¯ The probability distribution of CSM values for the points.

a-c) Changing the uncertainty (s.t.d.) of the measurements
d-e) Changing both the uncertainty and the expected location of the measurements.

Figure 6: The most probable C3-symmetric shape for a set of measurements after varying the probability
distribution and expected locations of the measurements.

a) Interference pattern of crystals, b) Probability distribution of point locations corresponding to a. c)
Probabihty distribution of symmetry distance values with respect to C~o-symmetry was evaluated. Expectation

value = 0.003663

Figure 7: Probability distribution of symmetry values

Figure 6 shows the effect of varying the probability distribution of the object points on
the resulting symmetric shape.
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Figure 7 displays a fuzzy image of points (a Laue photograph which is an interference
pattern created by projecting X-ray beams onto crystals), and the probability distribution
of the CSM values obtained for the pattern.

Finally, the CSM approach to measuring symmetry allows the hierarchical nature of
symmetry to be expressed and quantified thus, global and local features can be
evaluated for their symmetry content. Figure 8 shows an example where the CSM
approach measures local mirror symmetry to find faces in an image. This issue of global
vs. local symmetry is important in the case of measuring symmetry of human faces.

5 SYMMETRY OF HUMAN FACES

The human face is a complex structure comprising of a number of facial features. It can
be modeled at several levels of hierarchy: at the top level is the global structure of the
face (the face contour) and at lower levels facial details (such as facial features) are
revealed. Accordingly, symmetry of the human face should be considered
hierarchically. The CSM approach to measuring symmetry can be employed to evaluate
mirror-symmetry of a face at several different levels (Figure 9):

¯ Face Contour - symmetry is evaluated by considering the contour of the face alone.
¯ Facial Features Centroids - the centroids of each of the facial features serve as the

set of input points for symmetry evaluation.
¯ Facial Features Contours - the face contour and the contours of all the facial

features are considered in the evaluation of symmetry.

Recent studies have proposed that there is a positive correlation between symmetry of
faces and physical attraction [1]. However the methods used for evaluating symmetry
do not capture the complexity of this characteristic. We propose that using the CSM
approach in a hierarchical scheme will provide a more flexible reliable and meaningful
measure of symmetry of human faces.

a) Original ~mage. b) Faces are found as locally symmetric regions.

Figure 8: Multiple mirror-symmetric regions in images.
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a. b. c.
a) Face Contour. b) Facxal Features Centroids c) Facial Features Contours

Figure 9: Measuring symmetry of human faces at 3 levels:

6 CONCLUSION

We view symmetry as a continuous feature and adopt the Continuous Symmetry
Measure (CSM) to evaluate it. The CSM can evaluate any symmetry in any dimension
and has been applied to shapes, images and 3D objects. The CSM can deal with noisy
data, such as fuzzy and occluded data. The method of evaluating symmetry using the
CSM can be applied to global and local symmetries. This can be extended to deal with
symmetry in a hierarchical manner as in the case of measuring symmetry of human
faces. The CSM is currently used in numerous fields including Chemistry, Physics,
Archaeology, Botany and more.

REFERENCES
[1] Grammer, K. and Thomhill, R. (1994) Human facial attractiveness and sexual selection The role of

symmetry and averageness, Journal of Comparative Psychology 108, pp. 233-242.
[2] Saragusti, I., Sharon, I, Katzenelson, O. and Avmr, D. (1997) Quantitative analysis of the symmetry of

artifacts, J. Archeol. Sci., submitted 1997.
[3l Zabrodsky, H. (1993) Computational Aspects of Pattern Characterization - Continuous Symmetry, PhDthesis, Hebrew University, Jerusalem, Israel.
[4l Zabrodsky, H. and Algom, D. (1994) Continuous symmetry: A model for human figural perception,

Spattal Vision 8(4), pp. 455-467.
[5] Zabrodsky, H. and Avnir, D (1993) Measuring symmetry in structural chemistry, in Hargittai, I., ed

Advanced Molecular Structure Research, volume I, Greenwich, CT: JAI Press
[6] Zabrudsky, H and Avnir, D. (1995) Continuous symmetry measures, iv: Chirality, J Am. Chem. Soc. 117,

pp. 462-473
[7] Zabrodsky, H. and Peleg, S and Avnir, D. (1992) Hierarchical symmetry. In International Conference on

Pattern Recognition, volume C: Image, Speech, and Signal Analysis, pp. 9-12, The Hague.
[8] Zabrodsky, H., Peleg, S. and Avnir, D. (1992) A measure of symmetry based on shape slmdarity, in IEEE

Conference on Computer Vision and Pattern Recognitton, pp. 703-706, Champaign, June 1992.
[9] Zabrodsky, H., Peleg, S and Avnir, D. (1993) Continuous symmetry measures II: Symmetry groups and

the tetrahedron, J AM Chem. Soc. 115, pp. 8278-8289.
[10] Zabrodsky, H., Peleg, S. and Avnir, D. (1994) Symmetry of fuzzy data, in International Conference on

Pattern Recognition, pp. 499-504, Tel-Aviv, Israel, Oct.
[11] Zabrodsky, H., Peleg, S. and Avnir, D. (1995) Symmetry as a continuous feature, IEEE Trans. on Pattern

Analysis and Machine Intelligence 17(12), pp. 1154-1166.
[12] Zabrodsky, H. and Weinshall, D. (1997) Using bilateral symmetry to improve 3D reconstruction from

image sequences, Computer Vtsion and Image Understanding 67(1), pp. 48-57.


